Quality Criteria for GMDH-based Clustering

Lyudmyla Sarycheva
Dept. of Geoinformation Systems, National Miningvdrsity, 49005, K. Marx .av., 19, Dnipropetrovklkraine

sarycheval @rmu. org. ua

Abstract. New external criteria of clustering quality estineett (GMDH-criteria) are proposed. The GMDH-criteria
are based on splitting of initial sampe containingn clustered objectsin two not intersected equivalent subsamples
A and B. Each subsamplé for an object corresponds to a subsamBlef the object. They form together the pair
named a dipole. The GMDH-criteria generate minimimmarea of underfitted clusterizations and allow fiad
clusterization of optimal complexity in a case ofsy data.
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1 Introduction

A variety of cluster analysis algorithms resultssttuation when the same data generate, commoalypus
classifications. Therefore it is required to obtaalidation of the structure, which the clusterbmings to the data. It is
necessary to analyze such properties of clustederasity, dispersion, size, form, separability.

Unequivocal quantitative characteristics of thegpprties are absent in the literature. The majafituniversal
programs of the data analysis (Statistica, Stasiioolbox MatLab, SPSS, Data Mining) offer a lmt@@ectrum of the
cluster analysis methods but have not the procedfrquality check for the obtained solution.

A look at clustering as modelling allows to tramsfeasic concepts of the GMDH theory of models self-
organizing to the cluster analysis theory and natho

Self-organizing of clusterizations means their exdtize search for optimum selection. The more dggancy of
the data, the easier is the optimum clusterizatibe complexity is determined by number of clustemsl number of
features). In algorithms of objective cluster as@y clusters are created by an internal critednd their optimum
number and structure of an ensemble of featuresdatermined by an external criterion (minimum area of
underfitted clustering, optimal for a given levéldisturbance dispersion).

Generally accepted approach to clustering basedhenaccuracy criteria is effective only for precised
complete input data. If the disturbances are absdintriteria (both external and internal) indiedtue clusterization
[1]. For the noisy data, it is necessary to finéd tblusterization of optimal complexity (i.e. nont@ualictory
clusterization) using the external criteria.

The purpose of this articleis to develop external criteria of clusterizatiurality based on GMDH principles.

2 Internal Clusterization Quality Criteria

Let x; be measurements of features describing giveofs#tjects - observations (i = 1,2,...,n is number of
observationsn is a quantity of observationg,=1,2,...,m is a number of featuren is a feature index). Input data

represent an "object - feature” matx; ) : x| = (%), X2j ,...,xm-)T is a column vector ofth feature values fomn

objects, X = (X1, %2....,Xim) IS a row vector ofmindices values dfth object.
The clusterizatiorK={K 1, K,,...,K}, 1<k<n of ensembleX is the set of nonempty, mutually nonintersecting
subsets (cluster®), q=1, 2,.., k, of the ensembl¥, which combination coincides witk
KiOKoO..OKe =X, Kjn Ky =0,i 2 j; Kqg 20,0, j,d=12,...k
The clusterizatior” 7@ is the best, if

K'=argmaxJ(K) (orK'=argminJ(K)),
KOo KOo

where @ is an ensemble of all permissible splittings (&ugations) of given ensembb¢; J (K) is a criterion of
clusterization quality. The number of clustkmsan be unknown beforehand.
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Any method of clusterization has the internal ciite. The majority of known methods of clusteripatis based
on using internal accuracy criteria or informatioriteria. The following internal criteria of clusieation quality
estimation are most widespread:

1) criterion of intracluster dispersions (usedhnak-means method)

k
_ 2
Ji= X ZdE(Xi:llj),
j=1 XiOK j
wherey, -1 Y X; is a barycenter of clustef; n; is a number of objects in it;
Nj XiCK;
2) criterion of paired intracluster distances betwebjects
&1 2(x, X ):
=Y — ¥ ddX.Xg)
i=1 M X)X g0K;
3) criterion of an intercluster scatter of objefttee more magnitude dg (0<J:<1), the greater portion of a common
objects scatter is illustrated by the intergrougttes and the quality of a partition is better)
W
J3=1-2

k . . LN Y AP S . .
where W=YW;; W= Zdz(xivllj) is an intracluster scatter,S—_Zd (Xi,X) is a common dispersion,
j=1 XiOK i=1
_ n
X ==3 X; —common barycentre.
Ni=1
4) generalized intracluster dispersion:

k « kK .
J4=det[2njcj) or Jy= ﬂ(deth)”J,
j=1 =1

where detC) is determinant of a matri®; C; is a covariance matrix of a clust; .

3 Quality Criteria for GMDH-based Clustering

In articles [2-6] the definitions of internal andternal GMDH-criteria are given, the classificatiohexternal
criteria is given.

The commonality of principles of models and clusteelf-organizing allows defining external criterid
clusterization (similar to criteria of accuracynststency and others) for research of clusterglatn depending on
the data used.

To substantiate a way of partitioning and selectinigerion of clusterization quality estimation whall consider

a hypothetical situation, whek® and structure of objectively existing cIusteh@i,Kz,...,Kko are known, i.e. the

objective clusterization is known.
Let's enter the suppositions
HI1. fmax < Rmin )

H2. ng =21 Og=12,...k°,

where ryay = maxrq, qU {12,...k°%; Ng is a number of objects in a clusti, ;
q

= max d(X;,Xy) is adistance between the remote objects in aerlu&g ;
Xi XkOKq

Rmin= rglg Rgq: 972G  9,90{12..k%;

Rg.q = d(Kg, Kq) is a distance between clustd{% and Kgq-

I'q

We will split initial sampleX containingn clustered objects into two not intersected eqenakubsamples
andB with dimensionsgxm, AnB=0,A0B=X, X" =[XA:Xg].
A) Computen(n—-1)/2 distancesd(X;,X ) between objectX; and X, i=12,...,n-1 j=i+li+2..,n,
B) Define objectsX 4 and X such, thatd(X 4, Xs) = Tijnd(xi X))
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C) The X4 object is entered in subsampieand X5 object, nearest to it, in subsam@eEach subsamplé of the
object corresponds to a subsamplef the object. They together form the péX 4, X s) named a dipole.

D) Repeat steps B) - C) for the residual objent$ distances between them, while all objects vélleimtered iA and
B. The subsamplA contains objects with numbe[ﬁ,qz, ...,0n/2 » @and the subsampkcontains objects with numbers

S,152,--, S2 (nitis supposed even, in case of adany one object of last pair is considered twice).

Let's conduct at the same time clusterization fdssamplesB and A and calculate the sum of intracluster
distances between objects on subsarBdbg results of clusterization ohand on the contrary same magnitude®doy
results of clusterization oB (correspondence of objects subsampleandB is established by their membership to one
dipole):

ka Mg kg NG
Je=2 Y d%ghig)+ X 3 dg.ig). (1)
g g8
whereq is a number of a cluster;
ka is current number of clusters in subsamfilkg — is current number of clusters in subsample

iqA, j(f are numbers of objects in subsampje ic?, jc? — are numbers of objects in subsantile

ng\ is current number of objects in a clusty in subsampled;

ng’ is current number of objects in a clus@y in subsamples;
d B(i(f, qu) is a distance between two objects in subsaBpfiest of which has in pair objec'tglA , and second has object
iq.
d A(ic?, jc?) is a distance between two objects in subsamydfiest of which has in pair objec'tE , and second has object
‘B
Iq -

It is possible to prove that if as measure of ld&s1between two objects an Euclidean distanc&kéntand as
measure of a likeness between object and clustdbebween two clusters a nearest-neighbor distasceaken,

clusterization will be carried out on agglomerathierarchical algorithm, and recalculation formtda distances from
joined clusterS, O S, up to other clusterSis fixed as

d(S,50%) =%(d(S, S +d(S,5)-[d(S,5)-d(S.Sy)).

the suppositions H1 and H2 are carried out, therion Jag (1) has a minimum ak = K°.

Similarly to exterior criteria GMDH for models [G)ising the sum of paired intracluster distancegs/ben
objects aRRSSit is possible to define exterior criterion fdusterization:

Jy —J
‘]RS=—XJ B 2)
AB
where Jy is a sum of paired intracluster distances betvadgects on samplingX = A0 B.

To find clusterization, in which the centers comfiimg to each other on subsamplésand B clusters are
matched, the criterion may be used:

k m

oA _oBy2
2 2 (X =%p)T, ©)
wherek =ka =Kkg is current number of clusters in subsamplesdB; m is a number of coordinates,

)‘qJ-A, )—(”B arej-coordinates of centers tth clusters constructed ehandB.

Let K ={Ky,K3,...,Kg,} is clusterization for subsampk, and Q ={Q,Q>,...,Qkz} is clusterization for
subsampld. The criterion of a consistency of clusterizatiangstructed on subsamplesandB, looks like:

15, > ks, ka ks 2
SR K[F+XRH-2 X[King
Iy = i=1 i=1 i=1 j=1

: (4)

k k

OIS =15
i=1 i=1

wherekp, kg is a number of clusters (subsets of the initislegnble) in clusterizatiorts andQ accordingly;
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|Ki|, |QJ-|, i=12...ka j=12,...kg are potencies of appropriate subsets, i.e. elemamiber in clusters; and

Qj-
Value Jyy accepts values frofup tol: Jy =0 in case of completely coincident partitions instérizations
KandQ; Jy =1 when at completely distinct.
Objective clusterization i&° ={Kq,K5,..., Kk"} , 1<k°<n, for which the conditions are fulfilled:
1) "'max < Rmin
2) K® =arg min Jag(K), (5)
KO

where J pg(K) is the weighted sum of external criteria (1), (4).

For objective clusterization the greatest numbeolgécts of pairg(q,s), | =1,2,...,n/2, are contained in the
conforming clusters for subsamplasandB. For example, if the objects with numbegs, g7, g, have hitted in one
cluster for subsamplé, and the objects with numbess, s;, ;o have hitted in one cluster for subsampteand

clusters structure oA andB coincides (number of clusters, number of objectthe conforming clusters oh andB
identical, and the pairgy, ), | =1,2,...,n/2, are in the conforming clusters), this clusteiais objective (fig.1).

Fig. 1. Correspondence of clusterizations for subsamplasdB

It is impossible to check conditions H1 and H2éalrenvironment, therefore to find an objectivestduization
one should use interactive scheme, when for eadterization-candidate the check of conditions iHd B2 by the
obtained outcomes is fulfilled. Taking into accouhat «the exhaustive search of the clusterizatmmslidates in
essence does not differ from exhaustive searchset af the models-candidates» [2], the plurisetéahtive algorithm
GMDH is used for finding objective clusterizatior] |

4 Experiments

Advantages of the proposed clusterization qualitgiia are demonstrated on the two data sets.
I. Fisher's Irises. The iris data published by Fisher (1936) are wideded for examples in cluster analysis. The sepal
length, sepal width, petal length, and petal wialth measured in millimeters ds0 iris specimens from each tfree
species|ris setosa, Iris versicolorandlris virginica (n=150,m=4, k=3).

It's appropriate to represent clusterization resirtdiagram form (fig. 2), namely depict clustatinn quality
criterions’ values] on plots, where the value range is measurét-direction; the numbek of clusters is measured at
Ox-direction (from 1 to 6), and the numbwrof features afy—direction (from 2 to 4). The GMDH-criteria generat
minimum in areak=3.

Fig. 2. Diagram of clusterization quality GMDH-criterions
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Il. Parameters of gross domestic producfGDP) measured during 40 years (1967-2007) for 192 trmsnof the
world (ERS International Macroeconomic Data Set).

Let’s represent the values of matrix, which shoegian belonging to this or that class, as a gedicomdel is
range maps for visual comparison analysis of erpamtally obtained results (fig. 3). Clusterizatio®s been carried
out for numbers of clusters from 2 to 10, but aanegle the clusterization fde= 6 is shown (the GMDH-criteria
generate minimum in arek=6).

IREROD0E

o
|

Objective clusterizatiork=6 k-means, Statistick=6

Fig. 3. Clusterization results

5 Conclusions

New external criteria of clustering quality estiat (GMDH-criteria) are proposed. The GMDH-critedae
based on splitting of initial samp} containingn clustered objectsn two not intersecting equivalent subsamgleand
B. Each subsamplA for an object corresponds to a subsantplef the object. They form together the pair named a
dipole. The clustering both for subsampBeandA is carried out simultaneously and the sum of aitester distances
for sampleB by results of clustering of sampfeand the same value férby results of clustering d is calculated.

The GMDH-criteria generate minimum in areaunfderfitted clusterizations and allow to find ckriation of
optimal complexity in a case of noisy data.
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